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ABSTRACT

under which Einstein’s field equation holds good.

We present an exact solution of Einstein’s field equation in the case of static sphere of dust of uniform density. This is achieved
by putting pressure P =0, in Wyman’s1 exact solution, for a static sphere of fluid of uniform density. According to Newton’s
theory, there cannot be a static sphere of fluid of uniform density, hence it is suggested that the term ma ( mass of ath particle
) in Hilbert’s2 action, is not a constant of motion, as has been assumed by Hilbert, but a function of coordinates. It is also
suggested that the conditions of Newtonian approximation of Einstein’s field equation, given by Eddington3 are the constraints

Keywords : Dust, Action (Hamilton’s Principle of Least Action), Constraints.

INTRODUCTION:
Wyman has obtained static solutions for a perfect fluid of uni-
form density using isotropic line element

ds=-¢" (dr2 +1°d0% +r’sin*0- dg’ )+ e'dt’
obtained the solution of (4, 4) equation as

4R?

[ S —

. 3
R*=—"— ~
With 8np and where 1, is proper density, c is an arbitrary
constant,

H:

While i =1,+3p is regarded as a constant in his analysis. In
the case of a static sphere of dust of uniform density, p=0, so
one gets the same solution (2) with with R* 20

np

Wyman has eliminated pressure from the other two field
equations by subtraction, so as to get an equationin i".i%i"i’
. On substituting ¢ as given in above equation (2) he has
obtained ¢ as

(A +B)T
e:{(r)} _______ o

er+e°
where A and B are constants of integration.

Wyman has given the exterior solution as

Mfﬂ and €' = q4
qZ

where q=[1+£) , 'r’ is the radius of the sphere, ‘m’ is a constant
of integration and is interpreted as the total energy of the sys-
tem. For dust, solution (4) remains unaltered but ‘m’ now is a
constant which means total energy of dust. The constants A
and B in equation (3) and constant ‘c’ in equation (2) are de-
termined by matching v,v’ and p at the boundary r = a Wyman
finally gives ¢' and ¢' in terms of m. One gets the same solu-
tions in the case of dust with the only change that m is now
the total energy of dust.

Wyman has found pressure p as a function of r and used the
boundary condition p = 0 at r = a. In the case of dust p =0, so
that boundary condition is satisfied for dust and as we have
stated earlier the constant i,+3p for fluid is replaced by

for dust.

Comparison with Newton’s theory shows that Einstein’s field
equation can predict static sphere of dust of uniform density
and this is impossible by Newton'’s theory. In the case of fluid,
there is a “pressure” to oppose the attraction due to gravity.
In dust there is no pressure to oppose the attraction due to
gravity. Hence, a sphere of dust must collapse according to
Newton.

NEWTONIAN APPROXIMATION:

Newtonian approximation is a must in the case of weak fields
and low velocities. This is because Newton’s law of gravita-
tion and his laws of motion have been verified both by experi-
ments and by astrophysical observations up to a high degree
of accuracy. Because of this fact Newtonian approximation
has been discussed in all text books. In “standard” general
relativity (GR) described by Naralikar4, perfect fluid seems
to be described as a system of particles in which the only
interaction between the particles is due to gravity. The axiom
of action4 is given by expression wh&eq’ha is the mass of ath
particle and dA is the element of proper time along the world
line of particle ‘a’. In this expression pressure is not explicitly
expressed. As a matter of fact pressure is due to collisions
and the collision cross section depends upon electrostatic in-
teraction between molecules or atoms and the electrostatic
interaction is much stronger than gravitation. Pressure was
injected into Hilbert's theory later on. Einstein starts with a
perfect fluid which moves from high pressure to low pressure.
The kinetic energy of the particles of the fluid gives it a rela-
tivistic mass which is different from rest mass. Einstein then
argues that T44 which is the 4, 4 component of electromag-
netic field is the energy of electromagnetic field and being
equivalent to mass must create gravitational field. Hence he
gave his initial equation as R"" = yT"" for gravity produced
by electromagnetic field. Now in the case of fluid ;=i and
it is the mechanical energy of the fluid. Hence for fluid his
initial equation was given as R* =yT! Later on he modified his
equation to E}, =vT! where = -« -+x s0 that ™ =°, But in this im-
proved form the hydrodynamic equation ™ =° is converted into
an identity i =0 It is interesting to note that 1! is the mechani-
cal energy of the fluid and not the total energy whereas in the
electromagnetic field T is the energy of the electromagnetic
field and obviously its total energy.

On the contrarary Hilbert starts from a cluster of particles in
which the only interaction is that of gravitation and hence

116 = INDIAN JOURNAL OF APPLIED RESEARCH



Volume : 1 | Issue: 11 | August 2012

ISSN - 2249-555X

pressure is absent.

A cluster of stars like our milky way is an example of dust be-
cause stars in the milky way do not collide and do not create
pressure.The book by Narlikar4 gives Zix = Nix +hy Where
Ny is the Minkowski space-time metric and h, denote small
departure from Ni

Thus |hik |< <l --------- (A)

Naralikar says that condition A can be used to linearize the field
equation of Einstein. Narlikar has not given any reference. But
later on we were given a reference of book by Schutz5 to justify
the field equation of Einstein. We still do not agree that condi-
tion Alinearises field equation of Einstein. Because Schutz has
shown that it is possible to convert a general line element into

by transformation of coordinates and then shows that equa-
tion (5) produces Newtonian approximation. Now Eddington6
starts from equation (5) and shows that Newtonian approxi-
mation is possible only if line element can be put in the form (5)
when Q is approximate Newtonian potential. In fact Edding-
ton has given three conditions for Newtonian approximation.
One of them is the condition given by equation (5) the second
is that Q is independent of time and the third is = X,-Y,-Z =
{14,4},{24,4}{34,4} i.e. the three index symbols can be inter-
preted as components of the field of force. Moreover Wyman
has actually linearised Einstein’s equation by transformation
given by equation 1.4 in his paper7 and has obtained an exact
solution in the transformed coordinates and finally obtained
an exact solution by back transformation. Schutz considera-
tion to construct coordinates to make calculations simplest do
not apply in the case of Wyman’s exact analysis.We do not
agree that condition A can linearize the field equation. Field
equations contain differential coefficients and we know that
small term can have a big differential coefficient. In the prob-
lem of rotation one has to add to the metric an off diagonal
term 2wr2Sin2qgxdfdt (as shown by Wald8)

This becomes - 2wydxdt + 2wxdydt in Cartesian coordinates.
The nonlinear terms arise from products of Christoffel symbols
and are = w2 whereas the linear terms = p . Their ratio can be
10% in the case of rotation of Jupiter and Saturn; so that there
is no linearization in this case. Further, in the case of a time
dependant problem like radial motion of a star there are non-
linear as well as extra linear terms. It can be shown that there
are a number of non-Newtonian terms in the Hydrodynamic
equation of radial motion of a star. Therefore there is no New-
tonian approximation in the problem of radial motion of a star
discussed by Ross9 by Einstein’s theory and Kelkar et al10
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viously p is independent of time. Q in (5) is the approximate
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products of
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drodynamic equations become Newtonian if the Christoffel’'s
symbols {14,4}etc. can be interpreted as components of New-
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the field equations are valid. Eddington does not mention
what these constraints are but the conditions which he has
given for Newtonian approximation serve as the constraints.
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but he has proved that there are no constraints under which
the equations hold good.

PP 224 and 233 |

[1] Max Wyman: Physical Review, Vol70, pages 74-76, 1946 | [2] J.V.Naralikar: Lectures on General Theory of Relativity and Cosmology | The Macmillan
Company of India Limited 1978 Equation 6.12 pp 76 | [3] A.S.Eddington: The Mathematical Theory of Relativity | Cambridge, At The University Press, 1963
46.2 pp 101, 46.5 pp102, 55.4 pp 123 | [4] Ref [2] | [5] B.A. Schutz- A First Course in General Relativity, Cambridge, Cambridge | University Press, 1985 | [6]
Ref.[3] | [7] Ref [1] Equation 1.4 4log w 2 log 1, x log r | [8] R.M.Wald General Relativity, University of Chicago Press, 1984 | [9] J.A.Ross: Physical Review.D
No.8, 2331,1973 | [10] Kelkar et al: Bulletin of Calcutta Mathematical Society, 93(3)197-204(2001) | [11] Ref [2] Equation 6.12 pp 76 | [12] Private communication
| [13] Ref. [3] 59.1 pp 134, 59.4 pp 135 | [14] R.C.Tolman Relativity, Thermodynamics and Cosmology | Oxford, At The Clarendon Press, 1934, 87.14 and 91.5

INDIAN JOURNAL OF APPLIED RESEARCH = 117



Sara Publishing Academy
Indian Journal Of Applied Research
Journal for All Subjects

Indian Journal Of Applied Research

8-A, Banans, Opp. SLU Girls College,

New Congres Bhavan, Paldi, Ahmedabad-380006.
Contact.: +91-9824097643 E-mail : editor@ijar.in

Printed at Unigue Offset, Novatsing Rupam Estate, Opp. Abhay Estate, Tavdipura, Shahibaug, Ahmedabad



